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Abstract
We develop a framework for choosing the optimal load resistance, feed velocity, and residence time for a reverse
electrodialysis stack based on minimizing the levelized cost of electricity. The optimal load resistance maximizes
the gross stack power density and results from a trade-off between stack voltage and stack current. The primary
trade-off governing the optimal feed velocity is between stack pumping power losses which reduce the net power
density and concentration polarization losses which reduce the gross stack power density. Lastly, the primary
trade-off governing the optimal residence time is between the capital costs of the stack and pretreatment system.
Implementing our strategy, we show that a smaller load resistance and feed velocity as well as a larger residence
time than what is currently proposed in the literature reduces costs by over 40%. Despite these reductions, reverse
electrodialysis remains more costly than other renewable technologies.
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1. Introduction
A reverse electrodialysis stack consists of alternat-
ing layers of anion and cation exchange membranes
sandwiched between two electrodes, which are con-
nected in series to an external load resistor. Diluate
and concentrate feeds are pumped between the layers,
facilitating ion transfer along the membrane length and
converting the chemical potential stored in the salinity
gradient to electrical work. In the literature, aspects
of the overall system performance have been improved
through the introduction of smaller channel heights [1],
profiled membranes [2], and ion conductive spacers
[3].
Other improvements result from optimizing RED
stack design parameters. Studies to date have focused
on maximizing performance parameters such as stack
power density [1, 3–5], net power density (stack power
density net of pumping power) [1, 6], efficiency (or
power per unit water) [4, 5], and response product (ef-
ficiency times net power density) [7]. By contrast,
our study represents the first cost-based optimization
of RED stack design parameters. Specifically, we de-
termine the optimal load resistance, residence time
(length divided by feed velocity), and feed velocity
based on minimizing the levelized cost of electricity
produced. We show how the resulting cost-based de-
sign is different from the previous designs currently
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proposed in the literature. We also identify the impor-
tant trade-offs using this approach.
The optimal load resistance is explained by con-
sidering the trade-off between stack current and stack
voltage. In literature, the load resistance is most often
chosen by setting it equal to the equivalent stack resis-
tance, as in traditional impedance or load matching, to
maximize the power density delivered by the stack (the
gross power density) [1, 2, 8]. This approach, however,
is not optimal because of salinity variations along the
stack [4, 9]. We propose a more rigorous numerical
maximization of the gross power density to determine
the optimal load resistance, showing analytically that
the optimal load resistance is always smaller than the
equivalent stack resistance. Additionally, we show that
the load resistance which maximizes the gross power
density also minimizes the levelized cost of electricity.
Another important trade-off is between power den-
sity and efficiency (or stack capital cost and pretreat-
ment cost). Here, the relevant design parameters to
consider are residence time, charge utilization, stack
length, and feed velocity - two of which are indepen-
dent. In a related study, Yip et al. [4] examined the
effect of charge utilization on power density and ef-
ficiency separately, neglecting concentration polariza-
tion (or effectively keeping the feed velocity large). We
argue that the most complete and intuitive approach is
to consider the effect of velocity (holding residence
time constant) and residence time (holding velocity
constant) on the levelized cost of electricity with con-
centration polarization considered. Framing the opti-
Preprint submitted to Journal of Membrane Science August 16, 2016
Small RL Large RL
Low 
stack
voltage
High 
stack 
voltage
High 
stack 
current
Low
stack 
current
+
-
+
-
Resistance
Velocity
Small Vi Large Vi
Low 
stack
pumping
power
High 
concentration
polarization
High 
stack
pumping
power
Low
concentration
polarization
V
i
R
L
minimize $
τSmall Large 
$ $
Low 
stack cost
High 
stack cost
High 
pretreatment 
cost
Low
pretreatment
cost
Residence Time
$ $
τ
τ
Figure 1: The primary trade-offs associated with determining the optimal load resistance RL, optimal inlet feed velocity Vi, and optimal
residence time τ which minimize the levelized cost of electricity.
mization in terms of velocity and residence time de-
couples the capital cost versus pretreament cost trade-
off from another important trade-off - concentration
polarization losses versus pumping power losses. The
result is a more intuitive understanding of the optimal
RED stack design.
Based on the consideration of these trade-offs (see
Fig. 1), we find that the optimal load resistance and
feed velocity is actually significantly smaller and the
optimal residence time is significantly larger than val-
ues reported in the literature.
2. Methodology
Figure 2 illustrates our recommended optimization
approach for designing an RED stack. We design a
step-wise approach for two reasons. First, the step-
wise approach clearly quantifies the trade-offs in deter-
mining the optimal parameters. Second, the step-wise
optimization simplifies the procedure for experimental
validation by reducing the parameter space. We show
that the loss in cost savings resulting from a step-wise
optimization is negligible, and only one iteration is suf-
ficient.
First we fix the residence time τ to an arbitrary value
significantly larger than a critical residence time τc.
While holding the residence time fixed, we minimize
the levelized cost of electricity with respect to the su-
perficial feed velocity and load resistance. Because the
residence time is fixed, the stack length is implicitly
varied as well. We show that this optimization step is
equivalent to maximizing the gross power density with
respect to the load resistance and maximizing the net
power density with respect to the feed velocity. Then
we fix the feed velocity and minimize the cost with re-
spect to residence time and load resistance. Again, the
stack length is implicitly varied in this step. Together,
the optimal feed velocity and residence time yield the
optimal stack length.
In our analysis, we hold the diluate and concentrate
channel heights constant and equal at 100 µm - the op-
timal channel height with respect to net power density
identified by Vermaas et al. [1]. While smaller channel
heights increase the gross power density, they also in-
crease pumping power losses as well as manufacturing
difficulty. Larger channel heights significantly reduce
the gross power density, and the sensitivity of our re-
sults to channel height is explored in Sect. 6.1. We set
the feed velocities equal and channel heights equal to
simplify the system design. We suggest that the great-
est cost reductions can be achieved through optimizing
the load resistance, residence time, and feed velocity.
The first step in calculating the levelized cost of
electricity for the optimization procedure is to model
the net power density of the system - the gross power
density less the pumping power density consumed
in the pretreatment (PT) system and the stack. Our
method is illustrated in Fig. 3. In Sect. 3, we show that
the load resistance which maximizes the gross power
density also minimizes the levelized cost of electricity.
Hence, in modeling the gross power density we always
maximize with respect to the load resistance.
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Figure 2: An optimization method for RED stack design, where τ is the residence time and τc is the critical residence time, LCOE is the
levelized cost of electricity, RL is the load resistance, and Vi is the superficial inlet feed velocity.
The gross power density model itself is of an
unsegmented-electrode RED stack, validated with ex-
perimental results from the literature. The model is
one-dimensional, accounting for streamwise variations
in salinities, membrane potentials, and channel resis-
tances along the stack. We base the model for pumping
power consumed in the pretreatment system and stack
on systems reported in the literature, and all equations
were solved numerically using a quadratic approxima-
tion method in Engineering Equation Solver [10].
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Figure 3: The net power density of the system PD,net is the gross
power density PD,g supplied by the stack, continuously maximized
with respect to the load resistance RL, less the power densities con-
sumed in pumping the feed through the pretreatment system PD,PT
and stack PD,s.
2.1. Model for gross power density
Figure 4 shows how the circuit was modeled to de-
termine the gross power density. An RED cell pair is
divided along the length L into N discrete segments to
capture stream-wise variations in concentration. Each
segment is connected in parallel via the unsegmented
electrodes on either side, and the electrodes are joined
in series with a single, external load resistor. We model
neither ionic shortcut currents nor voltage losses to
chemical reactions at the electrodes. In stacks with
many cell pairs in series, the voltage loss at the elec-
trodes is negligible relative to the sum of the membrane
potentials.
Because the concentration of the diluate and concen-
trate streams vary along the stack length, each segment
has an associated local electromotive force (EMF) εn
effectively connected in series with membrane surface
resistances (r¯AEM and r¯CEM) and local channel resis-
tances (r¯d,n and r¯c,n). We assume the membrane surface
resistances are constant along the length.
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Figure 4: A circuit model for the one-dimensional, unsegmented-
electrode RED stack which accounts for streamwise variations in
concentration.
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The local EMFs εn are computed from the local
chemical potential differences across the membranes:
εn =
ts
F
(
µs,c,m,n − µs,d,m,n)+ twF (µw,c,m,n − µw,d,m,n) (1)
where ts is the salt transport number, F is Faraday’s
constant, µs,c,m,n is the local salt chemical potential
at the membrane surface on the concentrate side, and
µs,d,m,n is the local salt chemical potential at the mem-
brane surface on the diluate side. The difference in
concentration between the channel bulk and membrane
surface due to concentration polarization was com-
puted using a convection-diffusion model [11] (diluate
example shown):
Cd,m,n −Cd,n = 2hdShd,n
jD,n
F
(T¯cu − tcu)
DNaCl
(2)
where Cd,m,n is the local diluate concentration at the
membrane,Cd,n is the local diluate concentration in the
bulk, jD,n is the local current density (see Eq. 5 below),
hd is the diluate channel height, tcu is the counter-ion
transport number (≈0.5 for anions and cations), and
DNaCl is the diffusion coefficient of salt through the
bulk. T¯cu is the integral counter-ion transport number
in the membrane, accounting for migration and diffu-
sion [12]:
T¯cu ≈ ts + 12 (3)
Shd,n is the local Sherwood number, modeled by
Kuroda et al. [13] (diluate example shown):
Shd,n = KmRe
1/2
Dh,d,n
Sc1/3d,n (4)
where Km is the Kuroda constant, ReDh,d,n is the local
Reynolds number based on the hydraulic diameter Dh
and the superficial velocity Vd,n, and Scd,n is the local
Schmidt number. The local current density was mod-
eled as:
jD,n =
εn − φstack
r¯tot,n
(5)
where φstack is the stack voltage and r¯tot,n is the total
local surface resistance, given by [6]:
r¯tot,n = r¯AEM + r¯CEM + r¯d,n + r¯c,n (6)
The local channel resistances r¯d,n and r¯c,n are modeled
as [6] (diluate example shown):
r¯d,n =
hd
2κ
(7)
where  is the spacer porosity and κ is the solution con-
ductivity - the bulk concentration times the solution
conductance [14]. An open spacer is described by a
mask factor β of zero and a spacer porosity  of unity.
The opposite is true for a solid spacer [6]. Summing up
the local current densities jD,n and applying Kirchoff’s
Current Law yields an expression for the total stack
voltage φstack:
φstack =
∑ εn
r¯tot,n
An
1
RL
+
∑ 1
r¯tot,n
An
(8)
where An is the area of a segment.
The local molar salt and water fluxes Js,n and Jw,n
transported into the diluate channel are modeled as the
sum of migration and diffusion terms based on an ap-
proach taken by Fidaleo and Moresi [15]:
Js,n = ts
jD,n
F
+ Ls(Cc,m,n −Cd,m,n) (9)
Jw,n = tw
jD,n
F
− Lw(pic,m,n − pid,m,n) (10)
where Ls is the overall salt permeability (in m/s), tw
is the water transport number, Lw is the overall water
permeability (in mol/bar-m2-s), and pim,n is the local os-
motic pressure at the membrane surface [16]. Finally,
the gross power density PD,g is given by:
PD,g =
φ2stack
RLwl
(11)
where w is the stack width and l is the stack length.
The constants used in the model are compiled in
Appendix E. To determine the salt and water perme-
abilities, salt transport number, and Kuroda constant,
the model is fit to experimental data [1], see Appendix
A.
2.2. Model for pretreatment system pumping
The pretreatment system is based on a setup sug-
gested by Post et al. [17]. It consists of coarse media-
filtration in the form of two rotating drum filters, with
light chlorination (1 ppm). We assume a constant, av-
erage head loss H of 3.66 m through each drum. The
pressure drop is multiplied by the flow rate and divided
by the total membrane area to compute a consumed
power density for pumping each feed (concentrate and
diluate) through the pretreatment system PD,PT :
PD,PT =
ρgHh
τ
(12)
where ρ is the feed density, g is the acceleration due to
gravity, and τ is the residence time.
2.3. Model for stack pumping
The energy cost associated with pumping the con-
centrate and diluate through the stack is also computed
as a power density PD,s. The pressure drop across the
stack is fit to experimental data [1], see Appendix D.
Multiplying by the flow rates and dividing by the total
membrane area yields the following expression:
4
PD,s =
KpµV2i
h
(13)
where Kp is a fit parameter and µ is the feed viscosity.
2.4. Model for system cost
The cost model was based on the approach taken for
electrodialysis by McGovern et al. [18]. The levelized
cost of electricity LCOE is defined as the net present
value, NPV, of the combination of the RED system’s
capital cost, the pre-treatment system’s capital cost and
the pre-treatment system’s lifetime operating expenses
(excluding energy), divided by the net power output
times the capital amortization factor CAF:
LCOE =
NPV
(PD,netwl)CAF
(14)
where the net power density PD,net is given by:
PD,net = PD,g − PD,PT − PD,s (15)
and the capital amortization factor is given by:
CAF =
1
r
1 − ( 11 + r
)Γ (16)
We assume a plant life of 20 years (Γ in periods) and an
annualized cost of capital r of 6% [17]. The net present
value consists of a capital contribution for the RED
stack and a capital contribution for the pretreatment
system. Bundled into the pretreatment capital cost is
an operating expense contribution, namely chemical
costs associated with pretreatment:
NPV = Kmemwl + 2KPTVihw (17)
where KPT is the pretreatment system capital cost fig-
ure in $/(m3/day), and Kmem is the RED stack capital
cost figure in $/m2.
We use a capital cost figure for the pretreatment sys-
tem KPT of 20 $/(m3/day), which includes operating
costs. The capital cost of the pretreatment system is
computed by dividing the total construction costs by
the operating flux of the system developed by Post et
al. [17]. The chemical cost figure associated with light
chlorination is 0.33 $/kg [19].
We use a capital cost figure for the RED stack Kmem
of 750 $/m2 [20, 21]. Here, we assume that RED capi-
tal costs scale solely with membrane area and are sim-
ilar to ED capital costs. This value is a total installed
capital cost. It includes the total cost of all equipment
as well as installation costs and profits for equipment
manufacturers and installers. For comparison, this to-
tal unit capital cost is significantly higher than previ-
ously reported membrane capital costs (AC50/m2 [22])
and also higher than previously reported total invest-
ment costs of $100/m2 [23]. Simplifying the expres-
sion for the levelized cost of electricity and rewriting
it in terms of the residence time τ instead of the length
yields the following:
LCOE =
1
PD,net
(
Kmem
CAF
+ 2
KPTh
τCAF
)
(18)
The most intuitive approach in the cost-based opti-
mization is to frame everything in terms of residence
time and velocity as opposed to any other pair of
independent variables chosen among residence time,
charge utilization, stack length, and feed velocity. In
Eq. 18, fixing the residence time and optimizing for
velocity (Steps 1 and 2, Fig. 2) simplifies the objec-
tive from minimizing cost to maximizing net power
density. Additionally, to first order, fixing the resi-
dence time fixes total salt transport through the mem-
brane. Hence, the gross power density rises with ve-
locity, solely because concentration polarization losses
decrease.
3. Dependence of power density and cost on load
resistance
The load resistance which minimizes the levelized
cost of electricity also maximizes the gross power
density, because all other terms in the levelized cost
(Eq. 18) and net power density are constant with re-
spect to load resistance. The primary trade-off deter-
mining the cost-effective load resistance is therefore
between a high stack voltage and high stack current.
According to Eq. 8, the stack voltage increases with
increasing load resistance. At the same time, the local
stack currents jD,n decrease according to Eq. 5 - pri-
marily because of the increase in stack voltage.
Figure 5 shows how the gross power density varies
with a dimensionless load resistance Θ = RL/Req hold-
ing all other parameters constant. Req is an equiva-
lent total stack resistance (technically defined as the
The´venin equivalent resistance of the circuit depicted
in Fig. 4). At low Θ, large gains in stack voltage with
increasing load resistance outweigh small reductions in
stack current; the gross power density increases. Be-
yond the optimal Θ, the reductions in stack current
outweigh the gains in stack voltage; the gross power
density decreases.
Figure 6 shows how the levelized cost of electric-
ity varies with dimensionless load resistance, confirm-
ing that the load resistance which maximizes the gross
power density also minimizes the levelized cost of
electricity. The optimal load resistance is 0.12 Ω per
cell pair.
Interestingly, Figs. 5 and 6 show that the optimal
load resistance is smaller than the equivalent total
stack resistance (i.e. Θopt < 1). If traditional load
matching were optimal, Θopt = 1 would maximize the
gross power density. In Appendix B, we prove that
the optimal load resistance is always smaller than the
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Figure 6: The load resistance which maximizes the gross power den-
sity also minimizes the levelized cost of electricity. The inlet diluate
feed salinity is 1,000 ppm and the inlet concentrate feed salinity is
35,000 ppm.
equivalent stack resistance, regardless of the feed ve-
locity or residence time chosen. Choosing the optimal
load resistance versus simply load matching reduces
the levelized cost of electricity by more than 30%.
4. Step 1: Fix the residence time
Initially, we fix the residence time to 20 s before
computing the optimal feed velocity. We fix the res-
idence time first, as opposed to the feed velocity, be-
cause beyond a critical residence time τc costs are rel-
atively insensitive to changes in residence time (see
Fig. 7). The rapid fall in cost at low residence times
is caused by a significant rise in the net power density.
At low residence times, the large pretreatment pump-
ing power density dominates the gross power density
output of the stack, driving the net power density to
zero (see Eq. 12). At larger residence times, the pre-
treatment pumping power density is small compared to
the gross power density of the stack. Costs rise mildly,
primarily because the gross power density decreases
mildly with residence time. For this configuration, a
residence time of 20 s is situated comfortably beyond
the critical residence time for a wide range of veloci-
ties. We will return to this trade-off in Sect. 6.
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Figure 7: The dependence of levelized cost of electricity on resi-
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5. Step 2: Optimize the velocity
With a fixed residence time, we minimize the lev-
elized cost of electricity with respect to the inlet feed
velocity Vi. Figure 8 shows the gross power density
and pumping losses through the pretreatment system
and stack when varying only the feed velocity. Figure 9
shows the resulting net power density. We find that a
velocity of 0.46 cm/s minimizes the levelized cost of
electricity for a typical seawater/river water configura-
tion. The levelized cost of electricity is 6.33 $/kWh.
Equation 18 shows that with a fixed residence time,
the cost-effective feed velocity simply maximizes the
net power density. The pumping power losses through
the pretreatment system PD,PT (Eq. 12) and, to first or-
der, the rate of salt transport are constant with velocity
when residence time is fixed. Therefore the primary
trade-off in determining the optimal feed velocity is
between concentration polarization losses in the gross
power density and pumping power losses through the
stack.
At low velocities, the losses due to concentration po-
larization are highly non-linear. Marginal increases in
feed velocity result in large gross power density gains
which outweigh increased pumping losses through the
stack; the net power density rises with increasing feed
velocity. At high velocities, the gross power density
gains level off as the concentration polarization losses
approach linearity. Pumping power losses through the
stack dominate, driving the net power density down.
At the maximum net power density, the curvature of
the plot is sufficiently small that velocities within 20%
of the optimum reduce the net power density by less
than 1%. With a fixed residence time, the levelized
cost of electricity varies inversely with the net power
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Figure 9: The residence time is fixed, and we vary the feed velocity.
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density, see Fig. 10. Velocities within 20% of the op-
timum reduce the levelized cost of electricity by less
than 1% as well.
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Figure 10: The residence time is fixed, and we vary the feed velocity.
The levelized cost of electricity LCOE and the optimal feed velocity
Vi,opt are shown.
The optimal feed velocity is significantly smaller
than what is proposed in the literature. For a 10 cm
long stack, an optimal feed velocity of 1 cm/s was
found [1]. The optimization procedure consisted of
fixing the stack length and measuring the net power
density (not including the required pumping power
through the pretreatment system) for different feed ve-
locities, as opposed to optimizing both length and ve-
locity with respect to levelized cost.
6. Step 4: Optimize the residence time
The velocity is fixed to 0.46 cm/s, and we mini-
mize the levelized cost of electricity with respect to
residence time. Unlike the optimal velocity, the opti-
mal residence time does not simply maximize the net
power density. Instead, the optimal residence time bal-
ances a trade-off between both the stack and pretreat-
ment capital costs (see Eq. 18). We find that a resi-
dence time of 19.9 s minimizes the levelized cost of
electricity for the typical seawater/river water stack.
With an optimal velocity of 0.46 cm/s, this corresponds
to an optimal stack length of 9.2 cm. The levelized cost
of electricity is 6.33 $/kWh.
Figure 11 shows how the gross power density and
pumping losses through the pretreatment system and
stack vary with residence time, and Fig. 12 shows the
resulting net power density. The residence time which
maximizes the net power density τ∗ weighs the trade-
off between the gross power density and the pretreat-
ment pumping power. The gross power density de-
creases with increasing residence time, because more
salt is transported, reducing the average salinity gra-
dient and local EMFs. On the other hand, pumping
power density losses through the pretreatment system
decrease with increasing residence time, because the
losses are spread over a larger stack. A residence time
of 19.2 s maximizes the net power density.
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Figure 13 shows the levelized cost of electricity
LCOE with and without the pretreatment pumping
power PD,PT considered. The optimal residence time
τopt (with PD,PT considered) is 19.9 s. The optimal
residence time τopt is larger than τ∗, because the pre-
treatment capital costs decrease with increasing resi-
dence time (see Eq. 18). When the pretreatment pump-
ing power is considered, τ∗ and τopt are both higher,
because these losses are very costly at low residence
times.
We compute an optimal residence time that is
greater than what is found in the literature. The litera-
ture suggests an optimal residence time of 8 s for a sim-
ilar stack configuration [6]. We find a longer residence
time to be optimal, because we consider both pump-
ing losses and capital costs associated with the pre-
treatment system. The large residence time results in
an optimal stack length which is slightly smaller than
what is currently advocated in the literature. While on
the face of it, the optimal stack length is only slightly
different, this must be understood in the context of a
significantly reduced feed velocity. The key insight is
that more salt transport through the stack is optimal.
6.1. Sensitivity of the optimal residence time and opti-
mal feed velocity to select parameters
We examine the sensitivity of the optimal residence
time to the stack and pretreatment capital cost figures
as well as the channel height by measuring the percent
change in τopt, PD,net, and LCOE resulting from a 1%
decrease in each parameter. For example, as shown in
Table 1, a 1% decrease in the stack capital cost param-
eter Kmem results in a 0.02% increase in the optimal
residence time τopt.
Table 1: Sensitivity of residence time to cost parameters and channel
height
Parameter ∆τopt ∆PD,net ∆LCOE
Kmem 0.02% 0% -1%
KPT -0.01% 0% -0.02%
h -1.5% 0.6% -0.6%
Of the three design parameters considered in this
study, the optimal residence time is the only one sen-
sitive to cost parameters. As show in Table 1 the sen-
sitivity is small. The optimal residence time is most
sensitive to changes in the channel height.
The optimal feed velocity and optimal load resis-
tance are also sensitive to changes in the channel
height. We find that a 1% decrease in the channel
height results in a -0.01% change in the optimal feed
velocity and a 2.6% change in the optimal load resis-
tance. The optimal residence time computed in Ta-
ble 1 with the smaller channel height accounts for these
changes.
We also examined the sensitivity of the results to
membrane parameters. A 1% decrease in either Ls
or Lw or the membrane resistances, r¯AEM and r¯CEM,
results in approximately a 0.01% decrease in the lev-
elized cost of electricity.
7. Cost comparison to other design strategies
We model the levelized cost of electricity associated
with different design strategies found in the literature
and compare the results in Fig. 14. The costs shown are
significantly higher than those generally reported in the
RED literature, primarily because we use a larger stack
capital cost figure which is based on average electro-
dialysis stack costs deployed commercially. More im-
portantly, however, the design strategy presented in
this study results in a more than 40% reduction in the
levelized cost of electricity as compared to the lead-
ing strategy in the literature, where PD,g −PD,s (the net
power density not including the pretreatment pumping
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power density) is maximized with respect to feed ve-
locity and load resistance matching is employed [1].
No other strategy from the literature which we mod-
eled, including maximizing the gross stack power den-
sity or maximizing the response product [7], resulted in
a positive net power density output after pretreatment
pumping power consumption was considered.
As an approximation to the strategy of minimiz-
ing the levelized cost of electricity, we consider max-
imizing the net power density in a form that includes
the pumping power required to drive flow through the
stack and the pretreatment system. For the range of
cost parameters we considered, this approximate ap-
proach results in fairly comparable cost savings. This
arises because the capital cost per unit net power pro-
duced dominates the levelized cost of electricity. We
expect the cost savings associated with the approxi-
mate approach to diminish relative to the proposed ap-
proach as the capital cost per unit net power produced
decreases relative to the pretreatment cost per unit net
power produced.
As a further approximation, we maximize this net
power density with load matching (RL = Req) instead
of load optimization (RL = RL,opt). We find this to be
an inferior method, as the resulting levelized cost of
electricity is over 12% higher than our proposed ap-
proach. Nevertheless, even after employing our pro-
posed design approach the levelized cost of electricity
remains nearly two orders of magnitude higher than
current average electricity prices in the United States.
Vermaas$et$al.$[4]
0 2 4 6 8 10 12
RL = RL,opt
Present$study
RL = Req
Max$PD,net
Max$PD,net
Levelized$cost$of$electricity,$LCOE$[h/kWh]
Figure 14: A cost comparison of different RED design strategies.
The costs associated with design strategies where the gross power
density is maximized or the response product is maximized were
also modeled. Neither strategy resulted in a positive net power den-
sity output when pretreatment pumping power consumption was in-
cluded.
8. Conclusions
An optimal stack design based on the minimization
of the levelized cost of electricity produced consists of
a smaller load resistance and feed velocity as well as a
larger residence time than is currently described in the
literature. We prescribe a load resistance of 0.12 Ω per
cell pair, a feed velocity of 0.46 cm/s, and a residence
time of 19.9 s for the typical seawater/freshwater sys-
tem. Though costs remain high relative to other renew-
able technologies, these design implementations can
reduce the levelized cost of electricity by over 40%
compared to designs currently proposed in the litera-
ture.
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Nomenclature
Roman Symbols
A area, m2
C concentration, mol/m3
CAF capital ammortization factor, yrs
D diffusivity, m2/s
F Faraday’s constant, C/mol
g acceleration due to gravity, m/s2
H head loss, m
h channel height, m
J molar flux, mol/m2 s
j current density, A/m2
K constant
L membrane permeability
l length, m
LCOE levelized cost of electricity, $/kWh
M molar mass, kg/mol
NPV net present value, $
P power density, W/m2
p pressure, Pa
R universal gas constant, J/mol K
R resistance, Ω
r annuity depreciation rate
r¯ membrane surface resistance, Ω m2
Re Reynolds number
S salinity, ppm
Sc Schmidt number
Sh Sherwood number
T temperature, K
t transport number
V feed velocity, m/s
w stack width, m
Greek Symbols
α membrane permeability
β mask fraction
∆ change
 local EMF, V
ε spacer porosity
Γ number of periods
κ conductivity, S/m
Λ molar conductivity, S m2/mol
µ chemical potential, J/mol
ρ density, kg/m3
φ voltage, V
pi osmotic pressure, bar
Θ dimensionless stack resistance
Subscripts
AEM anion exchange membrane
aq aqueous
avg average
c concentrate or critical
cu counter-ion
CEM cation exchange membrane
CP concentration polarization
D density
Dh hydraulic diameter
d diluate
eq equivalent
g gross
i inlet
L load
m membrane surface
mem membrane
n segment number
NaCl salt solution
net net
OC open-circuit
opt optimal
PT pretreatment
p pressure
s stack
stack stack
tot total
w water
Superscripts
∗ maximizes power density
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Appendix A. Validation of the gross power density
model
We fit our stack model to experimental results re-
ported in the literature. The setup employed by Ver-
maas et al. [1] consists of a stack of Fumatech FKS
(CEM) and FAS (AEM) membranes, each 10 cm long
by 10 cm wide, with 100 µm diluate and concentrate
channel heights and two electrodes. The inlet feed
salinities are 29,120 ppm (30 g NaCl per kg water)
concentrate and 1,000 ppm (1 g NaCl per kg water)
diluate.
The fitted parameters were the salt transport num-
ber ts and the Sherwood correlation coefficient Km (see
Table E.2). The salt and water permeability Ls and Lw
as well as the spacer porosity were set to conventional
values for electrodialysis (see Table E.2).
In Fig. A.1, we show the ohmic surface resistance
r¯ohm validation and in Fig. A.2 we show the fit to the
total equivalent stack surface resistance r¯eq. The ohmic
surface resistance is the sum of the membrane surface
resistances r¯AEM and r¯CEM, the diluate channel surface
resistance r¯d, and the concentrate channel surface re-
sistance r¯c. The total equivalent stack surface resis-
tance r¯eq consists of the ohmic surface resistance r¯ohm
and losses due to concentration polarization and con-
centration variation along the stack:
φstack = ε
∗
i − r¯eq jD,tot (A.1)
where ε∗i is the local EMF at the inlet without in-
cluding concentration polarization. The total current
density is determined from load resistance matching
(RL = r¯eq/wl).
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Figure A.1: Validation of the model with respect to the ohmic sur-
face resistance r¯ohm. The root mean squared error in the fit is 0.62
Ω cm2.
The Sherwood correlation constant, Km, is deter-
mined by fitting an equivalent stack resistance pre-
dicted by the model to the total stack resistance re-
ported by Vermaas et al. The currents at which the
equivalent stack resistances are computed are chosen
by setting the load resistances equal to the equivalent
stack resistances, as in traditional load matching. The
results of the fit are shown in Fig. A.2 below.
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Figure A.2: Validation of the model with respect to measured equiv-
alent stack surface resistance at various flow rates. The root mean
squared error in the fit is 4.7 Ω cm2.
The salt transport number, ts, is then determined by
fitting the gross power density predicted by the model
to the gross power density reported by Vermaas et al.
(see Fig. A.3 below). In our model the salt transport
number captures both salt transport and current effi-
ciency and is therefore smaller than what is reported in
the literature.
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Figure A.3: Validation of the model with respect to gross power
densities reported by Vermaas at various flow rates. The root mean
squared error in the fit is 0.085 W/m2.
Appendix B. Load resistance matching versus load
resistance optimization
Consider the The´venin equivalent circuit depicted in
Figure B.4. The gross power density may be expressed
as:
PD,g =
(
φOC
Req + RL
)2 RL
wl
(B.1)
where φOC is the open-circuit voltage (discussed fur-
ther in Appendix C). When streamwise variations in
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Req
stack
OC
RL
φ
φ
Figure B.4: The circuit shown in Fig. 4 may be reduced to a
The´venin equivalent circuit defined by the open-circuit voltage φOC
and an equivalent stack resistance Req. The equivalent stack resis-
tance accounts for changes in the streamwise salinity profile along
the stack, see Eq. A.1.
concentration are accounted for, Req = f (RL), because
changes in load resistance are coupled to changes in
current and salt transport. Additionally, the open-
circuit voltage is not a function of the load resistance,
because the load resistance is infinite in an open cir-
cuit. Maximizing the gross power density with respect
to the load resistance RL yields the following expres-
sion for the optimal load resistance RL,opt:
RL,opt =
Req
2 ∂Req
∂RL
+ 1
(B.2)
The sign of ∂Req/∂RL is always positive, because as
the load resistance increases, the total current density
decreases, reducing migrative ion transport to the dilu-
ate channel, reducing the average diluate conductivity.
According to Eq. 7, this increases the diluate channel
resistance, the dominant resistance in the equivalent
stack resistance Req. Because ∂Req/∂RL is always pos-
itive, the optimal load resistance is always smaller than
the equivalent stack resistance.
Appendix C. Open-circuit voltage in an RED stack
The open-circuit voltage φOC in an RED stack with a
single electrode is given by setting the load resistance
equal to infinity in Eq. 8 (or equivalently, setting the
total current density in the circuit jD,tot to zero):
φOC =
∑ εn
r¯tot,n
An∑ 1
r¯tot,n
An
(C.1)
Despite the absence of a total current density jD,tot
(the sum of all local current densities through the
stack), there is still a positive total salt flux into the
diluate channel across the entire length of the stack
(see the solid lines in Figs. C.5 and C.6). The salt flux
arises for two reasons. First, regardless of the presence
of local current densities, some salt diffuses into the
diluate channel due to membrane imperfections (diffu-
sive flux represented by the dotted lines in Figs. C.5
and C.6). Because there is no power extracted from
or delivered to the system, the salinity profiles in both
the high velocity and low velocity cases are nearly the
same. Consequently, the diffusive fluxes are similar.
The flux due to migration arises from local current
densities along the stack. Positive current densities
form in the front half of the stack and are canceled by
negative current densities in the back half. This results
in positive local migration in the front half and nega-
tive local migration in the back half of the stack (see
the dashed lines in Figs. C.5 and C.6).
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Figure C.5: Total salt flux in the low velocity (0.25 cm/s) open-
circuit case, divided into a migrative flux and a diffusive flux
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Figure C.6: Total salt flux in the high velocity (1.25 cm/s) open-
circuit case, divided into a migrative flux and a diffusive flux
The reason for the rapid rise in open-circuit voltage
at low velocities [2] is the rapid increase in local EMFs
εn at higher velocities. With similar average total salt
fluxes in the low and high velocity cases, there is less
total salt transferred in the high velocity case, result-
ing in larger salinity gradients along the length and
greater local EMFs. The open-circuit voltage plateaus
as the total salt transferred becomes effectively zero,
approaching the zero-dimensional stack.
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Appendix D. Validation of the stack pumping
power model
We model the pressure drop across the stack ∆p as a
laminar flow between two infinite plates, with a modi-
fying constant Kp that accounts for the additional head
loss caused by the spacers:
∆p =
KpµlVi
h2d
(D.1)
The constant Kp was determined by fitting the model
to experimental results reported by Vermaas et al. [1],
see Fig. D.7 below. Multiplying by the flow rate and
dividing by the active membrane area yields the stack
pumping power density PD,s (Eq. 13).
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Figure D.7: The model for the pressure drop across an RED stack
with 100 µm channel heights is fit to experimental results reported
by Vermaas et al. [1]. A constant Kp of 293 fits the data to within a
maximum error of 14%.
Appendix E. Summary of the input model param-
eters
A summary of the model parameters and properties
is provided in Table E.2 below.
Table E.2: Membrane, solution, channel and flow, as well as costing
parameters and properties used in the analysis
Symbol Value Ref.
Membrane/Spacer Parameters
Cd,i 1,000 ppm -
Cc,i 35,000 ppm -
 0.8 [6]
Γ 20 yrs [17]
Ha 3.66 m [17]
ts 0.71 Appendix A
tw 10 [24]
Ls 1.4×10−8 m/s [24]
Lw 1.4×10−5 mol/bar-m2-s [24]
r¯AEM 1 Ω-cm2 [6]
r¯CEM 1 Ω-cm2 [6]
r 6% [17]
Solution Properties
DNaCl 1.61×10−9 m2/s [16]
µ 8.94×10−4 kg-m/s [10]
Channel/Flow Parameters
w 10 cm [1]
hc , hd 100 µm [1]
Km 0.1 Appendix A
Kp 293 Appendix D
T 298 K -
Cost Parameters
Kmem 750 $/m2 [20, 21]
KPT 20 $/(m3/day) [17, 19]
a Represents the average of the measured head
losses by Post et al. [17] in the summer, winter, and
spring
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